


















$\frac{\partial u}{\partial t}=Au$ $(t>0, x_{1}>0, x_{2}>0, x_{1}+x_{2}<1)$ (1)
Au $=$ $\frac{1}{4N}\frac{\partial^{2}}{\partial x_{1}^{2}}\{x_{1}(1-X_{1})u\}-\frac{1}{2N}\frac{\partial^{2}}{\partial_{X_{1}}\partial x_{2}}\{x_{1}x2u\}+\frac{1}{4N}\frac{\partial^{2}}{\partial x_{2}^{2}}\{x_{2}(1-x_{2})u\}$
$\frac{\partial}{\partial x_{1}}\{M^{1}(_{XX}1,2)u\}-\frac{\partial}{\partial x_{2}}\{M^{2}(x_{1}, x2)u\}$
$N\in\{1,2,3, \cdots\}$ effective populatlon number $M^{i}(x_{1}, x_{\underline{9}})$ $x_{1}$ $x\underline{\circ}$
2 $-$
$\mathrm{n}$
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$\sum_{\nu=0}\frac{1}{\nu!}(k\frac{\partial}{\partial t}+h_{1}\frac{\partial}{\partial x_{1}}+h2\frac{\partial}{\partial x_{2}})^{\nu}u(t, X_{1}, X2)$
$+$ $\int_{0}^{1}.\frac{(1-\theta)^{n}}{n!}(k\frac{\partial}{\partial t}+h_{1}.\frac{\partial}{\partial x_{1}}+h_{2^{\frac{\partial}{\partial x_{2}})^{n+}u(t+\theta k,X_{1}}}1+\theta h_{1}.,$$x_{2}+\theta h_{2})d\theta$
$(k, h_{1}, h_{2}\in \mathrm{R})$ .
. 1 $(t, x_{1_{)}}x_{2})$





$F(1)$ $=$ $F(0)+ \int_{0}^{1}F’(\theta)d\theta$
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3. $u(t, x_{1}, x_{2})$
$\frac{\partial u}{\partial t}=\frac{1}{2}\sum_{i,j=1}^{2}a^{i}\frac{\partial^{2}u}{\partial x_{i}\partial X_{j}}j+\sum^{2}b^{i}\frac{\partial u}{\partial x_{i}}+Cui=1$ (4)
$a^{:j}=a^{ij}(X_{1}, x_{2}),$ $b^{i}=b^{*}(x_{1}, x_{2}),$ $c=\mathrm{c}(x1, x’)’$ $\mathrm{R}_{x}^{2}$
:
$a^{12}(_{X_{1}}, X_{2})=a^{21}(_{X_{1}}, X_{2})$ , (5)
$\sum 2a^{ij}(x_{1}, X2)\xi_{i}\xi j\geq 0$ for all $(\xi_{1}, \xi_{2})\in \mathrm{R}_{\xi}^{2}$ . (6)
$i,j=1$
1 $(t, x_{1}, x_{2})$ $h>0$
$u(t, x_{1}, x_{2})$
$=$ $\frac{1}{12}u(t, x_{1}+h\alpha^{11} , x_{2}+h\alpha^{12})+\frac{1}{12}u(t, x_{1}-h\alpha^{11}, x_{2}-h\alpha^{12})$
$+$ $\frac{1}{12}u(t, x_{1}+h\alpha^{21}, x_{2}+h\alpha^{22})+\frac{1}{12}u(t, x_{1}-h\alpha^{21}, x_{2}-h\alpha^{22})$
$+$ $\frac{1}{3}u(t, x_{1}+h^{2}b^{1}, x_{2}+h^{2}b^{2})$
$+$ $\frac{1}{3}u(t-h^{2}, X_{1}, x_{2})$
$h^{2}$







$u(t, x_{1}\pm h\alpha^{i1}, x_{2}\pm h\alpha^{i2})$
$=$ $u(t, x_{1}, x_{2})$
$\pm$ $h( \alpha^{*1}.\frac{\partial}{\partial x_{1}}+\alpha\frac{\partial}{\partial x_{2}}):2u(t, X_{1}, x\cdot.)+\frac{h^{2}}{2}(\alpha^{:1}\frac{\partial}{\partial x_{1}}+\alpha.\frac{\partial}{\partial x_{2}}*2)^{2}u(t, X1, X_{-}\circ)$
$\pm$ $\frac{h^{3}}{6}(\alpha^{:1}\frac{\partial}{\partial x_{1}}+\alpha^{i}\frac{\partial}{\partial x_{2}}2)^{3}u(t, x1, x_{2})+O(h^{4})$
.
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$u(t, x_{1}+h\alpha^{11}, x_{2}+\alpha^{12})+u(t, x_{1}-h\alpha, x_{2}-\alpha)1112$
$+$ $u(t, x_{1}+h\alpha^{21}, x_{2}+\alpha^{22})+u(t, x_{1}-h\alpha^{21}, x2-\alpha^{2})2$
$=$ $4u(t, x1, X_{2})$
$+$ $h^{2}(^{11} \alpha\frac{\partial}{\partial x_{1}}+\alpha^{1}\frac{\partial}{\partial x_{2}}2)^{2}u(t, X1, X2)+h^{2}(\alpha^{21}\frac{\partial}{\partial x_{1}}+\alpha 22_{\frac{\partial}{\partial x_{2}})^{2}u1}(t, X, x_{2})$
$+$ $O(h^{4})$ .
\alpha $\alpha^{12}=\alpha^{21}$ $2a^{ij}=\alpha^{i11j}\alpha+\alpha\alpha:22j$ ,
$( \alpha^{11}\frac{\partial}{\partial x_{1}}+\alpha^{1}\frac{\partial}{\partial x_{2}}2)^{2}+(\alpha^{21}\frac{\partial}{\partial x_{1}}+\alpha^{2}2_{\frac{\partial}{\partial x_{2}}})^{2}$
$=$ 2 ( $a^{11_{\frac{\partial^{2}}{\partial x_{1}^{2}}+\mathit{0}^{12}\frac{\partial^{2}}{\partial_{X_{1}X_{2}}}}}+a^{21_{\frac{\partial^{2}}{\partial x_{21}x}+\mathit{0}\frac{\partial^{2}}{\partial x_{2}^{2}}}}22)$
$\frac{1}{4}(u(t, x_{1}+h\alpha^{11}, x_{2}+h\alpha^{12})+u(t, x_{1}-h\alpha^{11}, x_{2}-h\alpha^{12})$
$u(t, x_{1}+h\alpha^{21}, x_{2}+h\alpha^{22})+u(t, x_{1}-h\alpha^{21}, x_{2^{-}}h\alpha^{2}2))$
$=$ $u(t, x_{1}, X_{2})$
$+$ $\frac{h^{2}}{2}\sum_{i,j=1}^{2}a^{i}\frac{\partial^{2}u}{\partial x_{i}\partial x_{j}}j(t, X_{1}, x_{9}\sim)+O(h4)$ .
2
$u(t, x_{1}+h^{2}b^{1}, x_{2}+h^{2}b^{2})$
$=$ $u(t, x_{1}, x_{2})$
$+$ $h^{2} \sum_{i=1}^{2}b^{i}\frac{\partial u}{\partial x_{i}}(t, x_{1}, X_{2})+O(h^{4})$ ,
$u(t-h^{2}, x_{1}, X_{2})$
$=$ $u(t, x_{1}, x2)$
$h^{2} \frac{\partial u}{\partial t}(t, X1, X_{2})+o(h4)$ .
–
$\frac{1}{12}(.u(t, x_{1}+h\alpha^{11}, x_{2}+h\alpha^{12})+u(t, x_{1}-h\alpha^{11},. x_{2}-.h\alpha^{12})$
$u(t, x_{1}+h\alpha^{21}, x_{2}+h\alpha^{22})+u(t, x_{1}-h\alpha^{21}, x_{2^{-}}h\alpha^{22}))$
$+$ $\frac{1}{3}u(t, x_{1}+h^{2}b^{1}, x_{2}+h^{2}b^{2})+\frac{1}{3}u(t-h^{2}, x1, X_{2})$
$=$ $u(t, X_{1}, X_{2})$
$+$ $\frac{h^{2}}{3}(_{\frac{1}{2}\sum_{i,j}^{2}a}ij\frac{\partial^{2}u}{\partial x_{i}\partial X_{j}}(t, x_{1}\backslash =1’ x2)+\sum_{i=1}^{2}b\dot{\cdot}\frac{\partial u}{\partial x_{i}}(t, X_{1}, x_{2})$
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$\frac{\partial u}{\partial t}(t, x_{1}, x_{2}))+O(h^{4})$






$D=\{(X_{1}, X_{2}) : x_{1}>0, x_{2}>0, x_{1}+x_{2}<1\}$
$B$
$Bv$ $=$ $\frac{1}{2}\{\frac{x_{1}(1-X_{1})}{2}\frac{\partial^{2}v}{\partial x_{1}^{2}}-x_{1}x_{2}\frac{\partial^{2}v}{\partial x_{1}\partial_{X_{2}}}+\frac{x_{2}(1-X_{2})}{2}\frac{\partial^{2}v}{\partial x_{2}^{2}}\}$
$+$ $( \frac{1-3x_{1}}{2}-NM^{1})\frac{\partial v}{\partial x_{1}}+(\frac{1-3x_{2}}{2}-NM^{2)\frac{\partial v}{\partial x_{2}}}$
.
$(N \frac{\partial M^{1}}{\partial x_{1}}+N\frac{\partial M^{2}}{\partial x_{2}})v$
$M^{:}=M^{i}(X_{1}, x_{2})$ $A$
4.
$\frac{\partial v}{\partial t}=Bv$ in $(0, T)\cross D$ (7)
$u(t, x_{1}, x_{2})= \exp(-\frac{3t}{2N})v(\frac{t}{N},$ $X1,$ $X_{2})$ (8)
$\frac{\partial u}{\partial t}=Au$ in $(0, NT)\mathrm{x}$ D. (9)
.
$\frac{\partial u}{\partial t}$ $=$ $\exp(-\frac{3t}{2N})(\frac{1}{N}\frac{\partial v}{\partial t}-\frac{3}{2N}v)$ (10)
Au $=$ $\exp(-\frac{3t}{2N})Av$
$=$ $\exp(-\frac{3t}{2N})[\frac{1}{2}\{\frac{x_{1}(1-l_{1})}{2N}\frac{\partial^{2}v}{\partial x_{1}^{2}}-\frac{x_{1}x_{2}}{N}\frac{\partial^{2}v}{\partial x_{1}\partial_{X_{2}}}+\frac{x_{2}(1-X_{2})}{2N}\frac{\partial^{2}v}{\partial x_{2}^{2}}\}$
$+$ $( \frac{1-3x_{1}}{2N}-M^{1})\frac{\partial v}{\partial x_{1}}+(\frac{1-3x_{2}}{2N}-M^{2)\frac{\partial v}{\partial x_{2}}}$
$( \frac{3}{2N}+\frac{\partial M^{1}}{\partial x_{1}}+\frac{\partial M^{2}}{\partial x_{2}})v]$
$=$ $\exp(-\frac{3t}{2N})(\frac{1}{N}Bv-\frac{3}{2N}v)$
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$\frac{\partial v}{\partial t}=Bv$ , $\frac{\partial u}{\partial t}=Av$ I
25.3 -
( 1 2)
$a^{11}$ $=$ $\frac{x_{1}(1-X_{1})}{2}$ , $a^{12}=- \frac{x_{1}x_{2}}{2}$ , $a^{21}=- \frac{x_{2}x_{1}}{2}$ , $a^{22}= \frac{x_{2}(1-X_{2})}{2}$ , (11)
$b^{1}$
$=$ $\frac{1-3x_{1}}{2}-NM^{1},$ $b^{2}= \frac{1-3x_{2}}{2}-NM^{2}$ , (12)
$c$ $=$ $-N \frac{\partial M^{1}}{\partial x_{1}}-N\frac{\partial M^{2}}{\partial x_{2}}$ (13)
$Bu= \frac{1}{2}\sum 2a^{:j}\frac{\partial^{2}u}{\partial x_{i}\partial x_{j}}+\sum b\frac{\partial u}{\partial x_{i}}2i+Cu$ (14)
$i,j=1$ $i=1$
$b\cdot n=b^{1}n^{1}+b^{2}n^{2}>0$ on $\partial D$ (15)
$b=$ ,
$n==\{$
$c(x_{1}, x_{2})\leq 0$ in $D$ (16)
$w(t, x_{1}, X_{2})=e^{-2c}u(\mathrm{O}t, x1, x_{2})$ , $c_{\mathit{0}}=$ $\sup$ $c(x_{1}, x_{2})$
$(x_{1},x_{2})\in D$
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$\frac{\partial u}{\partial t}=Bu$ $\Leftrightarrow$ $\frac{\partial w}{\partial t}=$ ( $B-$ )w
$u(t, X1, x2)\in C^{2,4}([0, \infty)\cross D)$ $\frac{\partial u}{\partial t}=Bu$
$h$ , $i.e.,$ $0<h\ll 1$ .
3 $\frac{h^{2}}{3}cu(t, X_{1}, X_{2})$ 3
$u(t, x_{1}, x_{2})$ $=$ $(1+ \frac{h^{2}}{3}c(_{X_{1},x_{2}}))\cross$
$\cross$ $( \frac{1}{12}u(t, x_{1}+h\alpha^{11}, x_{2}+h\alpha^{12})+\frac{1}{12}u(t, x_{1}-h\alpha^{11}, x_{2}-h\alpha^{12})$
$+$ $\frac{1}{12}u(t, x_{1}+h\alpha^{21}, x_{2}+h\alpha^{22})+\frac{1}{12}u(t, x_{1}-h\alpha^{21}, x_{2}-h\alpha^{22})$
$+$




$\min(x_{1,2}x,1-x_{1}-x_{2})$ if $(x_{1}, x_{2})\in D$
$0$ otherwise
5. $(x_{1}, x_{2})\in D$ $h>0$
$d(x_{1}, x2)\geq 2h^{2}\Rightarrow(x_{1}\pm h\alpha^{11}, x_{2}\pm h\alpha^{12}),$ $(x_{1}\pm h\alpha^{21}, x_{2}\pm h\alpha^{22})\in D$ .










$\Leftrightarrow$ $(1+x_{1}) \sqrt{x_{1}x_{\sim}\circ(1-X1-x_{2})}+\frac{x_{1}(1-X_{1})^{2}}{2}+\frac{x_{2}}{2}(1+x_{1}-x_{2})>0$ .
$x_{1}\geq 2h^{2}\Rightarrow x_{1}-h\alpha^{11}>0$ .
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5 1
6. $(x_{1}, x_{2})\in D$ $h>0$
$(x_{1}\pm h^{2}b^{1}, x_{2}\pm h^{2}b^{2})\in D$ .
. $b\cdot n$ 1
$(x_{1}, x_{2})\in D$ $(\overline{X}_{1},\tilde{x}_{2})\in\partial D$ :
$(\tilde{x}_{1},\tilde{x}_{2})=\{$
$(0,0)$ if $x_{1}<2h^{2},$ $x_{2}<2h^{2}$
$(1, 0)$ if $x_{2}<2h^{2},1-x_{1}-x_{2}<2h^{2}$
$(0,1)$ if $x_{1}$ . $<2h^{2},1-x_{1}-x_{2}<2h^{\mathrm{o}}\sim$
$(x_{1},0)$ if $x_{1}\geq 2h^{2},$ $x_{2}<2h^{2},1-x_{1}-x_{2}\geq 2h^{2}$
$(0, x_{2})$ if $x_{1}<2h^{2},$ $x_{2}\geq 2h^{2},1-x_{1}-x_{2}\geq 2h^{2}$
( $\underline{1+x}_{\mathrm{L}^{-}\mathrm{r} ,2}x$ , $\frac{1-x_{1}+x_{2}}{2}$ ) if $x_{1}\geq 2h^{2},$ $x_{2}\geq 2h^{2},1-x_{1}-x_{2}<2h^{2}$
$(x_{1}, x_{2})$ otherwise
$f(t, x_{1}, x_{2})$ $\tilde{f}(t, x_{1}, X_{2})$




$\cross(\frac{1}{12}\tilde{f}(t, X_{1}+h\alpha^{11}, x_{2}+h\alpha^{12})+\frac{1}{12}\tilde{f}(t, x_{1}-h\alpha^{11}, X_{2}-h\alpha^{12})$
$+ \frac{1}{12}\tilde{f}(t, x_{1}+h\alpha^{21}, x_{2}+h\alpha^{22})+\frac{1}{12}\tilde{f}(t, x_{1}-h\alpha^{21}, X_{2}-h\alpha^{22})$
$+ \frac{1}{3}\overline{f}(t, x_{1}+h^{2}b^{1}, x_{2}+h^{2}b^{2})+\frac{1}{3}f(t-h^{2}, X1, X2))$
if $d(x_{1}, x_{2})\geq 2h^{2}$
$f(t, x_{1}, x_{2})$
if otherwise




$(0, \infty)\cross D$ $f(s, y)$
$\int_{(\mathrm{O},\infty)}\mathrm{x}D(fs, y)p_{k}+1(t, x;dS, dy)=\int_{\langle 0,\infty)}\mathrm{X}DyM_{h}f(_{S}, y)pk(t, x;ds, d)$
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$pk+1(t, x;s, y)$ $(k=0,1,2, \cdots)$ .
$u(t, x)= \int_{D}p\mathrm{o}(t, x;dS, dy)u(s, y)$ .
3
$u(t, x)= \int_{D}p_{1}(t, x;ds, dy)u(s, y)+O(h^{2})$ .
$p_{k}$
$u(t, x)$ $=$ $\int_{D}p_{1}(t, x;d_{S}, dy)u(s, y)+O(h2)$
$=$ $\int_{D}p_{1}(t, x;dS, dy)(M_{hu}(s, y)+o(h^{2}))+O(h^{2})$
$=$ $\int_{D}p_{2}(t, x;ds, dy)u(s, y)+O(h)2r+o(h^{2})$
$=$ $\int_{D}p_{2}(t, x;ds, dy)(M_{h}u(s, y)+O(h^{2}))+O(h^{2})r+O(h^{2})$
$=$ $\int_{D}p_{3}(t, x;ds, dy)u(s, y)+O(h2)r2+o(h^{2})r+O(h^{2})$ .
$r= \sup_{x0\leq\leq 1}(1+\frac{h^{2}}{3}c(x))<1$ .
[1] 2
1. $u(t, x)\in C^{2,4}(10, \infty)\cross[0,1])$ $\partial_{t}u=Bu$
$k=0,1,2,$ $\cdots$
$u(t, x)= \int_{0\leq s\leq 1},0\leq y\leq 1p_{k}(t,$ $x;d_{Sdy)u},(s, y)+O(h2) \sum^{\hslash}r^{\nu}\nu=0-1$ (17)
$O(h^{2})$ $k$
2. $u(t, x)\in C^{2,4}(10, \infty)\cross 1^{\mathrm{o},1}])$ $\partial_{t}u=Bu$
$u(0, x)=\phi(_{X})$ $(x\in D)$ (18)
$k\gg 1$
$u(t, x)$ $=$ $\int_{0\leq\theta<h}2,0\leq y\leq 1pk(t, x\cdot dS, dy))\emptyset(y)+O(h)2rk$
$+$
$o(1)r^{k} \sum k0(\frac{1}{3})p(\frac{2}{3})k-lr^{\nu}+O(h2)\sum k-1$
$k\mathit{0}$ $\geq t/h^{2}$ $O(1)$ $O(h^{2})$ $k$
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$u(t, x) \sim\int_{0\leq<}sh^{2},0\leq y\leq 1tpk(, X;ds, dy)\phi(y)$ (19)
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